In this paper we describe a new Mueller matrix (MM) microscope that generalizes and makes quantitative the polarized light microscopy technique. In this instrument all the elements of the MU are simultaneously determined from the analysis in the frequency domain of the time-dependent intensity of the light beam at every pixel of the camera. The variations in intensity are created by the two compensators continuously rotating at different angular frequencies. A typical measurement is completed in a little over one minute and it can be applied to any visible wavelength. Some examples are presented to demonstrate the capabilities of the instrument.
Introduction
Polarized light microscopy is widely used to observe specimens that have an optically anisotropic character. It has a vast number of applications [1] [2] [3] , for example for studying rocks and minerals in geology, natural and synthetic polymer chains in chemistry, organic tissues in biology, etc. In most of these applications the main optical effect under study is the linear birefringence. A drawback of this instrument is that it essentially provides qualitative information since it does not readily offer quantitative measurements of the spatial distribution of the optical anisotropy of the specimen [4, 5] . Approaches based on the comparison of the interference polarization colors with the Michel-Levy interference color chart, or on getting the maximum darkness when using a Berek compensator, are only semi-quantitative since, in most configurations, they ultimately rely on the visual and technical skills of the microscope user. Mueller matrix (MM) microscopy is the natural generalization of polarized light microscopy because it brings quantitative results and allows the simultaneous determination of linear birefringence, linear dichroism, circular birefringence, circular dichroism, and depolarization [6] [7] [8] [9] [10] [11] .
The experimental approaches to measure a complete MM can be classified according to the type of instrumental setup used for the measurement: using dual rotating compensators [12, 13] , four photoelastic modulators [14] , two or more liquid crystal variable retarders [15] , or beam splitters along with divisionof-amplitude method [16, 17] . In principle, any of these four approaches can be applied to obtain complete MM measurements in different experimental arrangements: ellipsometers, scatterometers, transmission, and reflection microscopes. If we restrict our attention to imaging devices, i.e., instruments in which cameras with CCD or CMOS sensors are used as detectors, only three of these four techniques are directly applicable because cameras cannot follow the high modulation speed of photoelastic modulators (in the kHz range). Currently, some efforts are being carried out to allow the use of photoelastic modulators in imaging systems to take advantage of their optimal characteristics as sources of polarization modulation. But this requires encoding a complicate demodulation pattern in the strobed light emitted by an LED source, a technique that is not easy to implement [18, 19] .
In this paper we describe an MM microscope that uses two continuously rotating compensators. The dual rotating compensator technique has been known since the late 70s [20] [21] [22] and currently it is offered in many commercial MM ellipsometers. However, the novelty of the MM microscope we propose lies in the use of the signal coming from a camera to implement the analysis in frequency of the modulation introduced by the two continuously rotating compensators. The intensity detected by every pixel of the camera is frequency analyzed by digital demodulation. To our knowledge, this is the first time it has been done, as the typical strategy used by imaging instruments that measure complete MMs was based in the combination of the intensities measured at several fixed orientations of the compensators [23] or the liquid crystals [24, 25] . This sequential, "step-by-step" method is well established and it is relatively easy to implement because the camera only needs to take an image at some predetermined positions of the compensators (usually 16 different positions). The whole process is fast and, computationally wise and not very demanding because only a few frames are captured. However, the technique we use, consisting of digital demodulation of thousands of continuously captured frames, offers higher accuracy and sensitivity because it incorporates a complete analysis in the frequency domain.
Here we report the design, the working principles, the calibration, and some measurement examples of an MM microscope with a dual continuous rotating compensator setup and digital demodulation.
Working Principles
The most convenient way to describe the polarization effects of optical elements is the Stokes-Mueller calculus. We will use this formalism to describe the state of polarization of the light beam as it traverses all the polarization-changing optical elements.
In the MM microscope, the polarization state generator (PSG) and the polarization state analyzer (PSA) are composed of a polarizer and a rotating compensator. The MM of a rotating compensator, M C , is
where we have employed the short notation
δ is the retardation introduced by compensator and θ is the orientation of its fast axis. Even for compensators sold as "achromatic," δ still changes slightly with the wavelength. θ evolves during the measurement due to the rotating setup. Its time dependence is given by θt ωt ϕ;
where ω is the angular speed, which is a constant during the measurement, and ϕ is the phase, i.e., the initial orientation of the compensator. The light entering the PSG, S input , passes first through a polarizer, P 0 , and then goes through the first rotating compensator, M C0 t. After being transmitted through the sample, M S , it is collected by the objective and sent to the PSA, in which it goes through the second rotating compensator, M C1 t, and a analyzer, P 1 . The Stokes vector at the detector, S out , is given by the following matrix multiplication:
where without lost of generality S input can be considered as unpolarized light. In our setup the polarizers are oriented at 90°to each other. We chose the crossed polarizers configuration because it allows a very precise orientation of the polarizers during the instrument construction, but the MM microscope can work with arbitrary orientations of the polarizer and analyzer, as long as they are well known. Each compensator has its own time dependence because they rotate at different speeds. The intensity measured at every pixel of the camera is given by the first element of the Stokes vector in Eq. (4), which can be written as It 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 
Every compensator has its own time dependence: θ 0 t ω 0 t ϕ 0 and θ 1 t ω 1 t ϕ 1 . The election of favorable angular speeds for the rotating compensators is discussed in the next section.
The most common approach to solve the dual rotating compensator problem, i.e., to obtain the MM elements of the sample from the measured timevarying intensity, consists of a straightforward Fourier analysis of the detected signal [12, 22, 26, 27] . Briefly, this method is only applicable if ω 0 and ω 1 are exact multiples of a certain frequency ω; for example ω 0 pω and ω 1 qω, being p and q integers. When this happens all the multiplications of trigonometric functions shown in Eq. (6) can be expanded as a Fourier series centered in ω and containing many harmonic terms. Every Fourier coefficient is then related to linear combination of MM elements and the whole ensemble forms a complicate linear system with 15 independent equations. Once the system is inverted, the values of the MM elements can be recovered.
Here we follow a different approach to apply the digital demodulation. This alternative method was already used by Ichimoto et al. [13] for a dual rotating compensator instrument with a single point detector. A similar procedure is also applied in instruments based on multiple photoelastic modulators [14] . It permits us to disclose the values the MM elements more straightforwardly, and it does not require the ratio ω 0 ∕ω 1 to be a rational number. We start the description of this procedure noting that, in vector notation, Eq. (6) can be rewritten as
where A is a 16-element vector containing all the MM elements of the sample and Bt is what we call the basis vector that evolves with time. If a new dimension is added, this equation can be generalized to include in the same calculation all the intensities recorded over time:
where the time dependence is no longer specified. I is a vector of N elements, N being the number of raw images captured by the camera overtime. Here B is no longer a vector but a matrix with dimension N × 16. Its elements are given by B j;0 1;
where j 0; …; N − 1. Δt is the inverse of the frame rate of the camera and NΔt is the total time of data capturing.
If we multiply both sides of Eq. (8) by B we get
and from here we can deduce
where K ≡ BB T −1 is a matrix of dimension 16 × 16. Equation (11) shows the matrix calculation needed to obtain the MM elements as a function of the measured intensities contained in I. This equation needs to be applied for the time-varying intensities recorded at every pixel of the camera. However the matrices B and K are valid for all the pixels and, therefore, the calculation of these matrices, which is the computationally most time-consuming task, needs to be done only once. The optical properties of the polarizer and the compensators must be homogeneous all over the surface of the sample to assure that B and K can be taken as constants for all the images. The resolution of the camera and the number of images captured, N, will determine the computing time needed to extract the MM parameters from measurements. In our MM microscope, the calculation time is typically much shorter than the acquisition time, so that the final MM image is obtained right after the measurement finishes. Moreover, in modern computers with multi-core processors, this calculation is greatly optimized if it is programmed to run in parallel using all cores. More details about the processing time of our instrument are given in the next section.
The rotation speed of the first and second compensators are the two basic parameters that control how the detected intensity varies over time. The analysis of the optimum rotation speeds for a dual rotating compensator setup has been considered in previous publications [13, 27] . The main conclusion is that there are some specific values of the ratio ω 1 ∕ω 0 that should be avoided. This happens because for some values of this ratio the determinant of the matrix BB T goes to zero and therefore it is not invertible. The inverted matrix K is best conditioned when the determinant of BB T takes its maximum values. In Fig. 1 we have represented the variation of jBB T j as a function ω 1 ∕ω 0 for two datasets of 900 and 1800 frames with Δt 0.04 s. Clearly a speed ratio of, for example, 2 or 3 would be unsuitable for measurement, on the other hand, there are many ratio choices (2.5, 3.5, 5, etc) that would work equally well.
Instrument Description
The whole instrument is mounted vertically, with light traveling from bottom to top following the usual design of transmission microscopes. A scheme of the optical design and a photo of the instrument are displayed in Fig. 2 . The light source is a white LED illuminator (Metaphase MP-LED-150) that emits light in all the visible range. The light beam is collimated by a lens and then it goes through a bandpass interference filter that selects the wavelength of the measurement. A 45°mirror redirects the beam in the vertical direction toward the PSG.
The PSG and the PSA are composed of two elements: an achromatic compensator (quarter-wave polymer retarder film, Edmund optics) and a polarizer (high-contrast linear polarizing film, Edmund optics). We use film elements because they offer a large aperture, and we have tested experimentally that their retardation homogeneity is better than in retarders made of crystals, leading to a better MM imaging. Only in the case of measurements in the UV (below 400 nm) would it be advisable to replace film polymer elements by crystal polarization ones, because the performance of the film polymer elements quickly become far from ideal in the UV. The instrument can be operated with compensators of almost any retardation, as long as it is not too small [13] . Each compensator is mounted in a precision, motorized rotation stage (Newport URS75BCC), which offers full control of the motor position and of the rotation speed (up to 80°∕s). The polarizers are mounted in a manual rotation stages (Newport UTR80S). The sample and the microscope objective are placed in between the PSG and PSA. The objective is an infinite-corrected long working distance objective (Edmund Optics), which is mostly free from strain-induced linear birefringence. The whole setup is on the top of an anti-vibration table (MinusK).
The detection system is composed of a camera (Ueye UI-122x) and a telecentric camera objective. This camera has a resolution of 752 × 480 (0.36 MP). Keeping a constant frame rate of 50 frames per second (fps) it allows us to vary the exposure time from 0.1 to 19.9 ms. If a samples requires a longer exposure it can still be examined by decreasing the frame rate and reducing the rotation speed of the compensators. The camera and the motor controllers (Newport SMC100) are connected to a personal computer (with a Intel Core 2 Quad Q6600 processor) that operates the instrument using Labview.
In our most usual configuration, the camera acquires images at approximately 50 fps, the first compensator rotates at ω 0 5°∕s (0.0138 Hz), and the second at ω 1 25°∕s (0.0694 Hz). Thus, we have a ratio ω 1 ∕ω 0 5 where, as shown in Fig. 1 , the determinant jBB T j takes maximum values. The number of collected frames is adjusted so that, at least, Fig. 1 . Values of the determinant jBB T j normalized to its maximum value as a function of the ratio of the angular speeds of the two compensators, ω 1 ∕ω 0 . All the ratio values where the determinant drops to zero should be avoided because there BB T becomes a singular matrix. The arrow indicates the ω 1 ∕ω 0 5 that we use in measurements. a complete turn of the slowest compensator is recorded (and therefore five complete turns of the fastest one). In this case this means acquiring 3600 frames of data, which takes around 72 s. As the frame rate of the camera can suffer small oscillations, it is convenient to programmatically measure the Δt corresponding to each frame in real-time and use it for the calculation in Eq. (9) .
The data acquisition is programmed so that the motors always start at a certain precise orientation of the compensators, which we have chosen arbitrarily. Therefore, the angles ϕ 0 and ϕ 1 , describing the misalignment of the fast axes of the compensators with respect to these two orientations, are constants determined upon calibration. To assure that ϕ 0 and ϕ 1 can really be treated as constants, it is important to trigger the camera capture with the data acquisition. Any random delay in the initialization of the camera would result in random variations of ϕ 0 and ϕ 1 , that would ultimately translate in a poor determination of some MM elements. The angular precision in the determination of ϕ 0 and ϕ 1 is typically limited by the factor Δtω i . This means that a compromise between the camera frame rate and the rotation speed of the compensators needs to be found to determine accurately ϕ 0 and ϕ 1 . In general, it is advisable to avoid very high rotation speeds, not only because they would require an ultrafast camera, but also because they tend to induce undesired vibrations in the setup. Given our typical frame rate of 50 fps (Δt 0.02 s), we have a precision around 0.1°for ϕ 0 and around 0.5°for ϕ 1 . In the next section we discuss how these angles are measured and how the errors in their determination propagate over all the MM elements.
Calibration
The objective of the calibration is the determination of the offset phase angles ϕ 0 and ϕ 1 and the retardation values δ 0 and δ 1 of the compensators. δ 0 and δ 1 vary with the wavelength because the compensators are not fully achromatic. The calibration is done without sample and removing the microscope objective from the setup to ensure that there are no strains that perturb the signal detected. During the calibration the camera is used as a single point detector by averaging the intensity given by all the pixels.
When there is no sample, the time-depending intensity is given by
If ϕ 0 , ϕ 1 , δ 0 , and δ 1 are perfectly known, this timedepending intensity will be analyzed as the identity matrix. Now we can examine what happens if these parameters have a certain error, i.e., if we do not know with precision the orientation and retardation values. This can be simulated by assuming that each term has an associated error
, and δ 1 δ 1 Δ δ1 . To simplify the calculation, we assume that Δ i error terms are small and they can be expanded to first order. Then the trigonometric identities can be rewritten, for example, as C ϕ0 ≃ C ϕ0 0 − 2Δ ϕ0 S ϕ0 0 and S ϕ0 ≃ S ϕ0 0 − 2Δ ϕ0 C ϕ0 0 , and the measured intensity can be factored as follows:
It I 0 t I ϕ0 tΔ ϕ0 I ϕ1 tΔ ϕ1 I δ0 tΔ δ0
where I 0 t is the intensity that would be measured if the orientation and retardation of the compensators were known with total precision (Δ i 0). I ϕ0 t, I ϕ1 t, I δ0 t, and I δ1 t are the first-order functions that are linear with the calibration errors and the expansion still has many other higher-order terms. Figure 3 shows how a measured calibration MM deviates from the ideal diagonal matrix when the error terms Δ i take values in the interval 5°. The matrix elements m 03 , m 13 that m 12 and m 21 are very sensitive to Δ θ0 and Δ θ1 , but both contributions cannot be separated in these MM elements, and therefore they are not a good election for calibration. The diagonal elements have considerable nonlinear error contributions and therefore they are neither suitable for calibration. Given these results, it becomes clear that the best MM elements to be used for calibration are m 01 , m 02 , m 10 , and m 20 :
As the dependence of these MM elements with uncertainties that are linear and uncoupled, the optimal values of ϕ 0 , ϕ 1 , δ 0 , and δ 1 are deduced independently.
From the results of Fig. 3 it follows that a poor calibration of ϕ 0 and ϕ 1 will immediately translate into large errors in m 12 and m 21 as these matrix elements are very sensitive to these phases.
As a further refinement of the calibration procedure, the small perturbation that the strains of the objective may introduce in the measurement can be corrected if a preliminary measurement without sample is made. This allows us to determine the MM image of the objective, M obj . As in the optical train of the instrument, the objective is right after the sample, the small perturbation effect of the objective can be corrected with the following operation:
As the strains of the objective are not homogenous across the image, every pixel camera can have a slightly different M obj .
Measurement
The measurement process is similar to any other microscope. The sample is introduced in the sample holder and its position is adjusted until it is in focus. Before starting the data collection it is convenient to adjust the exposure of the camera to a value high enough to use all the digital dynamic range offered by the camera (eight bits in our case), although at the same time it must be verified that the intensity is not saturated for any position of the compensators. After the exposure time has been adjusted to an optimum value, the data collection can start. With the parameters described in the previous sections the data collection takes 72 s and the data processing adds around 10 extra seconds. To improve the signalto-noise ratio of the MM image, the measurement may be repeated several times. This permits us to average the results and compute the standard deviation as an error estimator of the measurement. Mueller matrices are usually presented with their elements normalized to the element m 00 . All the information about the anisotropy and/or depolarization of a specimen is contained in its normalized MM. However, some structural features of the samples that are neither anisotropic nor depolarizing can be obscured by the normalization, and therefore it is convenient to keep a MM of microscopy unnormalized. Figure 4 shows the MM measurement of a thin polycrystalline layer of benzil crystallized from the melt along with the standard deviations of the corresponding normalized MM after five measurements. Benzil is a common organic compound with yellowish appearance and with an absorption band centered around 390 nm [28] . This measurement was done at 440 nm and, although at this wavelength the crystals are almost fully transparent, the small but not fully negligible values of the MM elements m 01 , m 02 , m 03 , m 10 , m 20 , and m 30 are due to some traces of the linear and circular dichroism that is still detectable at the edge of the absorption band. The plotted standard deviations are better than 0.005 for all the pixels of any MM element.
An LCD display is rich in optical components that alter the polarization of light and can be easily investigated with the MM microscope. We have studied a computer LCD panel (AU Optronics M170EC01) at various steps of disassembly (Fig. 5) . Light of three different wavelengths (440, 532 and 610 nm) has been used to activate the three RGB color subpixels present in the panel. When the LCD is complete Fig. 6 . Detail of an MM measurement of a mosquito wing at 610 nm. The numbers appearing in some MM elements indicate the multiplying factors used to enhance the values of these elements for better visibility.
(first column in the image) the measured MM is governed by the two crossed polarizing films glued to both sides of the panel. In this case light transmission is possible because the nematic liquid crystal of the display modifies the polarization of light after it goes through the first polarizer. The MMs in the second and third columns of Fig. 5 correspond to the measurements of each one of the glass plates, A and B, that sandwich the liquid crystal. Here the film polarizers had been already removed and the surface of both plates was still soaked with the nematic liquid crystal. In plate A there is the RGB color filter that assigns a color to every subpixel while the rectangular structures are electrodes. The optical response of plate B is quite achromatic because it does not have any color filter and the structures, organized following a square lattice, are the semi-transparent transistors. The linear birefringence is due to the liquid crystal. Interestingly, the signs of the elements of the MM clearly indicate that the relative orientation of the liquid crystal in parts A and B is approximatively 90°. This is not too surprising because each one of the glass plates contains a alignment layer with grooves that serve to align the liquid crystal that is in contact with that surface. The misorientation of the grooves of part A and part B is 90°to force the liquid crystal molecules to adopt a helical configuration when they are compressed between the two surfaces. In this configuration the unpowered liquid crystal produces an optical rotation of around 90°, matching the misorientation of the two film polarizers and, therefore, allowing maximum light transmittance.
As an example of another application of the MM microscope, we show in Fig. 6 the MM and the standard deviation corresponding to a mosquito wing examined at 610 nm with a ×10 objective. The MM shows some interesting features, for example, some structures show relatively high linear birefringence and linear dichroism. It is specially visible in the fringe scales that are in the wing margin (right part of the images). This is most likely due to the presence of some oriented dye molecule in the scales. Figure 7 shows the linear dichroism in radians as calculated from the MM following the method indicated in [7] . The scales in the wing margin are highly contrasted due to their high linear dichroism and some slight linear dichroism is also appreciable in the wing veins.
Summary and Conclusions
We have presented a novel MM microscope built in our laboratory. The instrument uses two continuously rotating compensators to simultaneously obtain the 16 elements of an MM. Some features that make this instrument distinct are:
1. An absolute accuracy better than 0.5% is achieved for all elements of the MM in the whole image.
2. A typical measurement takes around one minute.
3. The calibration is self-consistent and does not require any reference sample.
4. With a 50× objective it can resolve objects of 1-2 μm in size 5. It is suitable for spectroscopic measurements because it does not require specific values of the retardation of the compensators.
6. It is relatively inexpensive to construct and operate because it does not require ultra-fast cameras or high-performance rotation stages.
In conclusion, we have demonstrated that the MM microscope is a very versatile instrument that can be used for a wide range of popular applications in which imaging the optical anisotropy of a sample is essential. As all the elements of the MM are measured, a single measurement is usually sufficient to obtain a complete and quantitative determination of all the optical properties of a sample, even for anisotropic specimens with a high degree of complexity. It also characterizes depolarization phenomena. Compared to other MM imaging devices, the MM microscope offers a higher sensitivity as its measurement principle is based in digital demodulation. 
